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An explicit physics-based model of ionic polymer-metal composite actuators
The Poisson-Nernst-Planck system of equations is used to simulate the charge dynamics due to ionic current and resulting time-dependent displacement of ionic polymer-metal composite (IPMC) materials. Measured data show that currents through the polymer of IPMC cause potential gradients on the electrodes. Existing physics based models of IPMC do not explicitly consider how this affects the charge formation near the electrodes and resulting actuation of IPMC. We have developed an explicit physics based model that couples the currents in the polymer to the electric current in the continuous electrodes of IPMC. The coupling is based on the Ramo-Shockley theorem. The circular dependency concept is used to explain how the dependency between the ionic current and the potential drop in the electrodes is calculated and how they affect each other. Simulations were carried out using the finite element method. Calculated potential gradients, electric currents, and tip displacement of IPMC were validated against experimental data. We also show how the model is general in respect to the different types of currents in the polymer and how it can be used in more complicated cases such as 3D simulations. Ionic polymer-metal composite materials have been extensively studied during the past two decades. 1 The main focus has been on the electromechanical transduction of the material.
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The materials have especially gained attention in the fields of biorobotics, 5 medical equipment, 6 and micromechanics. 7 Also, given the unique characteristic of operating in wet conditions, underwater propulsion of IPMC has been studied. 8 IPMC materials consist of a thin ionomeric membrane with typical thickness of upwards of 100 lm. 9 Typical membrane materials are Nafion TM and Flemion TM . 10 The membrane is coated with a thin layer of a noble metal electrode, such as platinum. Sometimes, an additional layer of gold is added to the surface to improve the electric conductivity of the electrodes. There are anions fixed to the polymer backbone and freely movable cations, so the overall charge of the material is balanced. Commonly used cations are Na þ , K þ , Li þ , H þ , and Cs þ in aqueous solution. Dry forms of IPMCs based on the ionic liquid have also been studied. 11 When a voltage is applied to the electrodes, the cations start migrating due to the imposed electric field. In the case of water based IPMCs, migrating cations drag the water molecules along, causing osmotic pressure changes and therefore swelling near the cathode and contraction of the polymer near the anode. This in turn results in bending of the material toward the anode.
Considerable effort has been put into explaining the physics of the electromechanical transduction phenomenon of IPMC. Various models that are based on the calculations of electric field induced ionic migration and the resulting local charge imbalance have been developed. 4, [12] [13] [14] [15] [16] [17] [18] The charge imbalance is related to the local strains by considering either electrostatic forces, osmotic pressure, or both combined. The physics based models are in good agreement with the experimental data for the given geometry and voltage range. At the same time, a study by Shahinpoor and Kim indicates that the electrode conductivity has an influence on the transduction behavior of IPMC. 19 Also, Porfiri has shown that the electrodes do significantly affect the charge dynamics and therefore the actuation performance of IPMC. 20 Aureli has studied the roughness effect of the electrodes on the capacitance and the transduction of IPMC. 21 The direct assembly process has been used to ensure more uniform electrodes. 22 Some models also consider the effect of the electrodes on the transduction characteristics. For instance, Enikov and Seo have formulated a mathematical description of the currents and electrode reactions. 23 Punning et al. have proposed an equivalent electric circuit model to take into account the potential drop on the electrodes. 24 However, this so-called black-box model is applicable only to specific shapes and boundaries from which the model parameters were extracted. Chen et al: have developed a control oriented transfer function model of IPMCs based on the physical principles. 25 Conclusively, the existing research suggests that the effect of the electrodes in the calculations is important for increased accuracy.
In order to incorporate the electrodes in the actuation calculations, we propose an explicit physics based model of IPMC. It couples the currents in the polymer to the electric current in the electrodes. Unlike previous physics based models, the electrodes are not considered to be ideal but electrically conductive with a finite conductance. Although only the ionic current in the polymer is explicitly considered, the fundamental mathematical framework of the model provides a way to add other types of currents such as leakage and electrochemical currents.
The model consists of, first, a complete mathematical description of the relevant physics and, second, finite element (FE) implementation of the equations. The mathematical concept of the model is based on the Ramo-Shockley theorem. 26, 27 In fact, the theorem has been applied in multiple areas of research (e.g., plasma physics, 28 ion a) channels, 29, 30 quantum physics 31 ) to couple in-domain currents to out of the domain external current. We use the theorem more explicitly-not to calculate the net external circuit current, but to calculate the current and potential gradients in the continuous electrodes of IPMC.
An advantage of the FE implementation of the model is applicability to a variety of geometries. Calculations in this work are done in a 2D domain, however, we show how to apply the same model in a 3D domain. Furthermore, extending the model by adding electrochemical and leakage currents is discussed.
The rest of the paper is organized as follows. The model and FE simulation results are presented in Sec. II. Experimental validation and results are shown in Sec. III and IV, respectively, and discussion with model perspectives is provided in Sec. V.
II. MATHEMATICAL MODEL AND FINITE ELEMENT IMPLEMENTATION
Derivation of the explicit ionic and electric current model, actuation model, and numerical simulation results are presented in this section.
A. Ionic and electric current model
Cation migration and diffusion in the polymer backbone are calculated with the Nernst-Planck equation:
where C is the cation concentration, l the mobility of cations, D the diffusion constant, F the Faraday constant, z the charge number, and / the electric potential in the polymer. The equation is solved only for the cations, as the anions are fixed to the polymer backbone. When a voltage is applied to the electrodes, all free cations will start migrating toward the cathode, causing current in the outer electric circuit. As ions cannot move beyond the boundary of the polymer, local nonzero charge concentration starts to form near the surface of the platinum electrodes, which in turn results in increase of electric field that has the opposite direction to the applied one. This is described with Poisson's equation:
where q is the charge density and is defined as
with C 0 being the constant anion concentration with value of C 0 ¼ 1; 200 mol=m 3 . The variable e is the absolute dielectric constant andẼ is the strength of the electric field. The absolute dielectric constant can be explicitly written as e ¼ e 0 e r where e 0 is the dielectric constant in vacuum and equals to 8:85 Â 10 À12 F=m: The value of e is given in Table I . It is in the range of mV=m because the effective value of dielectric permittivity is used. The value incorporates the large electrode surface area. 16 Equations (1) and (2) describe the ionic current in the polymer part of an IPMC. For the electrodes, Ohm's law for the current density is:
where r is the electric conductivity of the electrodes, and V andj are electric potential and current density in the electrodes, respectively. It must be noted that the electric potential / inside the polymer and the electric potential V in the electrodes are different.
To relate the electrode variables V andj to the ionic flux inside the polymer, the Ramo-Shockley theorem is used:
wherer n ,ṽ n , and q n are the position vector, instantaneous velocity, and charge of a particle n, respectively.W is the electric field that would be caused by 1 V applied potential without any charges, mobile or fixed, being present. I is the current in the external circuit and u is a constant with value of 1 V. Eq. (5) can be expanded and then integrated over arbitrary trajectories that connect a known starting locationr 0 n and an end locationr 00 n of a particle n:
where Ur ð Þ is the electric potential at locationr and Q is the transported charge. Equation (8) is a general form that could be used in various calculations. For instance, when dealing with IPMCs of other than rectangular cross-sectional shape (e.g., cylindrical, etc.) then Eq. (8) must be implemented for the electrode current and charge calculation. Also, the general form of Eq. (8) must be used when considering the porous nature of the electrodes of IPMC, i.e., the platinum dendrites reach into the polymer. However, in the case of flat IPMCs with assumed flat electrodes, the parallel plate approximation can be used instead. Notably, the electric field W due to applied 1 V as stated in the theorem, can be expressed according to its definition:
where u 1V is voltage in the domain due to applied u ¼ 1V, h is the distance between the electrodes, andẑ is a basis vector. In this derivation it is assumed that the electrodes are parallel to the X À Y plane and a positive voltage is applied to the topmost electrode (see Fig. 1(a) ). After inserting Eq. (9) into Eq. (6), the net current in the external circuit can be expressed,
When considering that positive charges start moving in the direction of the applied field, which in this case is the Àẑ direction (see Fig. 1 ), Eq. (10) can be written only for theẑ directional current:
The sum can be replaced with a line integral in theẑ direction. Also, if the electric current is divided by dS, local current density is obtained:
where f z is the ionic flux in the z direction and has a unit of C=m 2 s and j z is the local current density at an electrode boundary. The term dl is an integration element along the path where the particle moves. The variable j z depends on all the spatial coordinates exceptẑ. For the model shown in Fig.  1 , j z can be explicitly written
The value of f z x; z ð Þ is obtained by solving Eqs. (1) and (2).
B. Actuation model
To relate the calculated charge density q to deformation of IPMC, force coupling similar to the one shown in Ref. 15 is used. In order to do that, a set of continuum mechanics equations is implemented for the polymer domain. Normal and shear strain are defined as
where u is the displacement vector, x denotes a coordinate and indices i and j are from 1 to 3 and denote components corresponding to the x, y, or z direction. The stress-strain relationship is
where D is the 6 Â 6 elasticity matrix, consisting of components of the Young's modulus and the Poisson's ratio, and r f is the stress tensor. The system is in equilibrium, if the relation
is satisfied. This is Navier's equation for displacements 32 withF being force per unit area. The simulation values of the Young's modulus and the Poisson's ratio are in Table I . Newton's Second Law is used to describe the deformation in time:
where q c is the density of the material and the second term is the static Navier's equation where c is the Navier constant. The first term in Eq. (18) introduces the dynamic part. The force is defined similarly to that given in Ref. 16 :
where A and B are parametrically obtained constants.
C. FE implementation of the model
Nafion TM membrane coated with a thin layer of platinum was used in the experiments and, therefore, the simulations were carried out considering the parameters of that material: 180 lm thick polymer coated with 5 lm thick platinum electrodes. In order to calculate the model, the system of Eqs. (1)- (4) and (13) must be solved simultaneously. The following boundary conditions are used in the implementation:
• for the Nernst-Planck Eq. (1) in the polymer domain:
• for the Poisson Eq. (2) in the polymer domain -cathode boundary:
-anode boundary:
-all other boundaries:
• for the Ohm's law equation in the electrode domain: -sides that are not in contact with polymer:
-contacts:
-and the interfacial area between the electrode and the polymer domains (from Eq. (13)):
Here, V cathode and V anode are potential variables in the cathode and anode domains, respectively; @X 1 , @X 2 , @X anode , and @X cathode denote anode-polymer, cathode-polymer, anode clamp, and cathode clamp boundaries, respectively.
The model including the variables and the boundary conditions is shown in Fig. 1(a) . From Eqs. (21) and (22) we see that the potential in the polymer domain boundary depends on the electrode potentials V cathode and V anode . At the same time, the potentials in the electrode domains depend on the current fluxes j @X 1n and j @X 2n on the boundaries @X 1 and @X 2 , respectively. This dependency makes the system of equations non-linear and conceptually is similar to a system with a circular dependency:
1. When a potential V @X anode ¼ V appl is applied to the boundary @X anode , it instantaneously propagates in the entire domain. The same is true when V @X cathode ¼ 0 V is applied to the boundary @X cathode . 2. At t ¼ 0 s, the potentials V appl and 0 V become boundary conditions for the Poisson Eq. (2) as shown by the boundary conditions Eqs. (21) and (22) . 3. This in turn creates an electric field gradient within the polymer domain and induces the ionic flux (the migration term in Eq. (1) is governed by the potential gradient r/). 4. According to the boundary conditions Eqs. (26) and (27) , the ionic flux induces electric current in the electrodes. This in turn causes nonzero potential gradients rV anode and rV cathode along the respective electrodes. 5. The circular dependency: Induced potential gradients in the electrodes change the boundary conditions Eqs. (21) and (22) from V appl and 0 V to V anode and V cathode , respectively.
The described scheme is illustrated in Fig. 2 . COMSOL MULTIPHYSICS software package was used to implement the model and carry out simulations. 34 In order to reduce the computing power requirements, the ionic and electric current model was scaled down in the x (longitudinal) direction, so the domain size, including the electrodes, was 190 lm Â 100 lm. Mesh that was used near the anode and cathode boundaries in the polymer domain is shown in Fig. 1(b) . The mesh is very fine in the vicinity of the cathode due to the large concentration gradient rC that forms by the boundary. The Lagrange element type was chosen with the polynomial degree of three. The regular triangular mesh was used instead of quad mesh as COMSOL MULTIPHYSICS supports projection coupling only on the triangular meshes. Projection coupling was used to calculate the ionic current densities with Eqs. (26) and (27) .
The ionic and electric current model was solved with constants shown in Table I and with uniform electrode conductivity of r ¼ 150 Â 10 2 S=m. Calculated total current density jj j and z-directional current density j z (see Fig. 1 ) in the anode and cathode at different times are shown in Fig. 3 . The values are the same for both electrodes due to the   FIG. 2 . Conceptual calculation scheme of the full ionic and electric current model.
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Pugal, Kim, and Aabloo J. Appl. Phys. 110, 084904 (2011) current conservation. It can be seen that the highest total and z-directional current densities occur in the clamp area. The potentials in the cathode and anode at different times are shown in Fig. 4 . As expected, there is a noticeable negative potential gradient rV anode along the anode and positive gradient rV cathode along the cathode at small time values. As the ionic current saturates, the potential gradients become zero in both of the electrodes. Overall, the calculation results are reasonable in terms of what is expected based on the physics of the IPMC. The actuation model was implemented in a full scale domain with dimensions of 190 lm Â 5 cm. Calculated charge density q was extruded from the scaled model into the full scale domain to calculate the force with Eq. (19) . The actuation calculation results are shown in Sec. IV.
III. EXPERIMENTAL VALIDATION
To validate the ionic and electric current model, a set of experiments was carried out to see the effect of the surface resistance and whether the model is able to capture it. In order to see the potential drop at low applied voltages, high electrode resistance samples were used. The following subsection shows briefly how the samples were prepared. Thereafter, the experimental setup and results are presented.
A. Electrode preparation and rationale
We conducted a study to compare the potential drop on the electrodes for various IPMC samples. A Nafion TM -117 membrane was pretreated and plated with platinum. During the pretreatment, the membrane was immersed in 3% hydrogen peroxide (H 2 O 2 ) to eliminate organic impurities and in 0:5 M sulfuric acid (H 2 SO 4 ) for removal of metallic impurities. Then Pt metal particles were deposited on the polymer membrane. The pretreated membrane was immersed in a platinum complex solution (Pt(NH 3 ) 4 Cl 2 Á H 2 O) for the primary plating process. Usually the secondary plating process-5% aqueous solution of hydroxylamine hydrochloride ðH 2 NOH Á HClÞ and 20% solution of hydrazine ðNH 2 NH 2 Á H 2 OÞ to reduce the platinum-is carried out to increase the electrode electrical conductivity. 35 However, the electroless plating process was varied to obtain samples with different electrode characteristics. The initial experiments showed that the samples with very thin electrodes (subjected to only one primary plating) were still able to exhibit electromechanical actuation, but this was accompanied by a noticeable potential gradient on the electrodes. As only ionic current was considered in this study-low voltage ( 2 V) was applied to prevent electrolysis and minimize the leakage current-the high surface resistance samples were considered suitable to validate the model.
B. The ionic and electric current model validation
A low electrode conductivity IPMC sample was taken and fixed between clamps. Then the voltages in the middle and at the end of the anode and the net electric current were measured for two configurations, as shown in Fig. 5(a) . The IPMC was straight in the first configuration and significantly bent (90 Þ in the second configuration. Changes in the current and voltage values were expected because the bending causes an electrical resistance increase on the convex side of the electrode. 24 Experiments were done both in water and in air. As the measurement duration was short and a low voltage range was used, no difference between the immersed and air measurements was noticed. It must be noted that the sample was kept in the water between, and remained visibly wet during the air measurements. Voltage probes were attached to the sample as shown in Fig. 5(c) . National Instruments NI USB-6008 was used for analog to digital voltage conversion. Before each measurement, the sample was discharged, i.e., short circuited, for a period of time.
Simulations were carried out with surface conductivity values r 1 and r 2 , as shown in Fig. 6 . The resistance of the electrodes was measured prior to the experiments with a four-point probe. As only one primary plating process was used to form the platinum electrode, the measured resistance values varied significantly, from 30 to 80 X=square: The resistance was measured on a previously water soaked IPMC and 10 measurements were taken and averaged. The electric conductivity values were calculated using the relation
with measured average resistance R and the electrode thickness t ¼ 5 lm: r 1 ¼ r 2 ¼ 5 Â 10 3 S=m for a straight IPMC and r 1 ¼ 5 Â 10 3 S=m and r 2 ¼ 2:5 Â 10 3 S=m for a bent IPMC. It must be noted that effective conductivity r eff ¼ Ar with A ¼ 0:03 was used in the simulations. This is necessary because the electrodes are considered a bulk metal in the model but in reality the structure is more complicated (see Ref.
2) and, thus, the resistance measurements were considered indicative. Furthermore, the thickness of the electrodes is considered 5 lm in the simulations, however, due to only one primary plating, it could vary significantly. Also, the four-point probe measures the resistance along a path between the probes. However, the thin electrolessly plated electrodes on a polymer do not result in a uniform conductivity in each direction at each location, so the correction factor helps to take those effects into account. To illustrate, an electrolessly plated Pt electrode of an IPMC is shown in Fig.  5(b) where the energy dispersive x-ray (EDX) figure on the right indicates the platinum content distribution in the electrode and vicinity.
IV. RESULTS
Calculated and measured total input currents for an IPMC in the straight and bent configurations are shown in Fig. 7 . The initial current value for the straight IPMC is higher than that for the same IPMC in the bent configuration. In fact, the experiment was repeated several times with various IPMCs and the same pattern was observed each time. The model slightly overestimates the gap between the current values at t ¼ 0 s, but it accurately captures the trend.
During the experiments, the anode voltages with respect to the ground in the middle and in the end of the IPMC were measured for both configurations (see Fig. 5(c) ). The calculations showed that voltages V1 and V2 must be initially larger (smaller potential drop) for the straight configuration and V2 > V1 must hold for both configurations. This was indeed confirmed by the measurements. The data are shown in Figs. 8 and 9 . 
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V. DISCUSSION
We have demonstrated the explicit ionic and electric current model of IPMC. The simulation comparison with the experimental data is convincing. The developed model can be used as a fundamental component in more sophisticated calculations. In what follows, some applications for the model and perspectives are discussed.
A. Calculating the electric effect of the electrodes
The model can be applied in calculating the electric effect of the electrodes of IPMC. Figure 2 explains how the potential gradient in the electrodes affects the ionic flux. To illustrate the effect of the potential drop term, simulations were carried out without the term being present, i.e., the boundary conditions Eqs. (21) and (22) were set to V appl and 0 V, respectively. Such conditions effectively remove the electric effect of the electrodes in the ionic current calculations, however, the ionic flux still governs the currents in the electrodes via boundary conditions Eqs. (26) and (27) . The corresponding potential values in the electrodes were recorded and are depicted in Figs. 8 and 9. It can be seen that the slope of the potential increase in time is too steep when the electrode effect is not considered. Similarly, the calculated peak current was over 90 mA for both straight and bent IPMCs (not shown in the graphs). The data indeed show how the developed ionic and electric current model results in more realistic calculations. The model can be applied, for instance, to calculate the voltage and current dynamics in different electrodes such as Pd-Pt, Au, etc.
B. Actuation calculations
The electric effect of the electrodes in the actuation calculations was studied. The ionic and electric current model was included in the IPMC actuation model as described in Section II. Calculated tip displacement of IPMC was compared to the measured data. The displacement data were obtained using a laser optical displacement sensor (MicroEpsilon model 1400-100). The IPMC was immersed in water during the measurement. The experimental setup is shown in Fig. 5(d) . Tip displacement was measured under 1 V and 2 V dc voltage for 10 s and the results are shown in Fig. 10 . The corresponding simulations were carried out with and without the potential drop effect. Comparison with the measured displacement indicates that the simple actuation model (without the potential drop effect) tends to overestimate the displacement value and displacement speed, whereas the actuation model with complete ionic and electric current model gives more precise displacement results.
C. Perspectives
Our experiments show that electrodes affect the charge dynamics and therefore the actuation of IPMC via three different types of currents-ionic current, leakage current, and electrochemical current if approximately higher than 2 V voltage is applied to a typical 200 lm thick IPMC. The latter two currents do not affect the actuation dynamics as directly as the ionic current, which is the underlying cause for the osmotic pressure and electrostatic forces via induced spatial charge. The leakage current and the electrochemical currents affect the actuation dynamics via causing a potential gradient on the electrodes of IPMC.
The developed ionic and electric current model can be easily extended for the additional currents by adding extra terms to Eq. (26) so that the current boundary conditions for the electrodes become
where j ec and j el stand for the electrochemical and leakage current densities, respectively. These can be calculated similar to the ionic current, i.e., by solving respective equations in the polymer domain. The model can be used to calculate the effect of the electrodes of IPMC. As a result of the option of adding the current terms explicitly, as shown in Eq. (29) , it is possible to simulate the effect of each current separately. This allows the evaluation of how much a particular current contributes to the overall potential drop and how the overall current affects the actuation. The calculated data can be used, for instance, in making decisions such as how thick the polymer, how stiff and thick the electrodes, or how high the voltages should be for a desired actuation output.
Another aspect where the model can be applied is using it as a base component in 3D calculations. The ionic and electric current calculations can be done in a scaled domain as shown in Fig. 1(b) , but the calculated variables such as C and / can be extruded into one or multiple 3D domains. This is useful in the case of, for instance, sectored IPMCs where multiple electrodes are used to get a twisting actuation. 36 This is illustrated in Fig. 11 . The model applied to the corresponding 3D domain is shown in Fig. 12 .
VI. CONCLUSIONS
An explicit physics based model of IPMC that relates the currents inside the polymer domain to the electric current in the electrodes was developed. The model was derived with the view of coupling various currents in the polymer to the electric current in the electrodes. This in turn is useful for calculating potential gradients along the electrodes and the effect of that on the charge dynamics.
The currents in the polymer domain are coupled to the electric currents in the continuous electrodes by using the Ramo-Shockley theorem. The ionic current coupling was derived explicitly.
Complete mathematical derivation of the model is provided and the circular dependency concept is used to explain the underlying equations and how the dependency between the ionic current and the potential drop affect each other.
Time-dependent potential and current profiles in the electrodes were calculated to confirm that the model captures underlying physics correctly. The model validity was demonstrated by comparing the calculated potential drop, total current, and tip deflection with experimental data.
Although the ionic current coupling was derived, it was also shown how the other currents can be added. This will allow using the model in higher applied voltage calculations. Furthermore, it was shown how the model can be used as a general component in more sophisticated 3D calculations.
